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A software systemthat supports the developmentof �exible multi-physicsmodelsis brie�y described.This
systemis usedin the creation of a �nite volume method for thr ee-dimensionalgeneralizedgrids (unstructured
grids composedof arbitrary polyhedra), targeting non-equilibrium �o w scenarios,including complex thermo-
dynamic phenomenaand chemicalreactions.Multi-component transport modelsfor viscosity, conductivity, and
molecular diffusion are brie�y described,and turb ulent mixing is modeledusing the Baldwin-Lomax, Spalart-
Allmaras, and Shear-StressTransport (SST)approaches.Upwind �ux differencingalgorithms of the Roefamily
are employed to accommodate�o w discontinuities suchasshocksand slip lines. An implicit, second-ordertime
integration schemeis utilized to achieve high ef�ciency for boundary layer and heat transfer simulations. Nu-
merical techniquesemployed for solving problems related to poor matrix conditioning are also documented.
Benchmark casesfor turb ulent �o w over a transonic ONERA-M6 wing and hydrogen-oxygencombustion in an
Rocket-BasedCombined Cycle engineare usedto illustrate the accuracy and robustnessof the solution algo-
rithm.

Nomenclature
�

cell facearea
cp speci�c heatcoef�cient at constantpressure
Ds speciesdiffusioncoef�cient
e0 totalenergy of mixture
einternal internalenergy of mixture
es speciesinternalenergy
Fi inviscid �ux vector
Fv viscous�ux vector
hf s speciesheatof formation
hs speciesenthalpy, hs �

es �

RsT
˜̃I identity tensor
k turbulentkineticenergy
kb � r backwardreactionrate
kf � r forwardreactionrate
Ke� r reactionequilibriumconstant

�

s speciesatomicmass
n timestep
ñ unit vectornormalto asurface
NE numberof edgesof acell face
NF numberof facesof a cell
NR numberof chemicalreactions
NS numberof chemicalspecies
NVTs numberof vibrationalmodesfor a species
p pressure
Pr Prandtlnumber
q̃ heatconductionvector
qp vectorof primitivevariables
Q vectorof conservativevariables
R numericalresidual
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Re Reynoldsnumber
Rs speciesgasconstant
Sc Schmidtnumber
t time
T temperature
ũ velocityvector
ũW deformationvelocityof a controlsurface

�

cell volume
Ṽs speciesmassdiffusionvelocity
�W chemistrysourcetermvector
�ws specieschemicalproductionrate
xi Cartesiancoordinates
Xs speciesconcentration,Xs �

r s �

�

s
y normaldistanceto viscouswall
Ys speciesmassfraction,Ys �

r s �

r

qv� s speciescharacteristicvibrationaltemperature
l coef�cient of thermalconductivity
m coef�cient of dynamicviscosity
mt coef�cient of turbulentviscosity
n coef�cient of kinematicviscosity, n

�

m
�

r
nt coef�cient of eddyviscosity, nt �

mt �

r
n 	s� r stoichiometriccoef�cient for reactants
n 	 	s� r stoichiometriccoef�cient for products
r densityof mixture
r s speciesdensity
˜̃t stresstensor
W magnitudeof thevorticity vector
Wc controlvolumeof cell c
¶Wc boundaryof cell c

Intr oduction
Flows with chemical reactionsare of interest across

a wide rangeof engineeringapplications: examplesin-
cludecombustion,spacevehiclereentry, androcket plume
problems. With the developmentof moderncomputers,

1 OF 18



a great amountof effort has been focusedin the areas
of algorithmdevelopmentandthermo-chemicalmodeling
for these�o ws. A relatively recentreview by Cinnella
andGrossman1 providesdetailson numericalmethodsfor
chemicallyreacting�o ws. Thereis still acontinuingeffort
to betterunderstandthesecomplex �o w phenomena.

The purpose of this study is to introduce a novel
computational�uid dynamics(CFD) softwareframework,
Loci,2,3 andapplyit to thesimulationsof non-equilibrium
�o ws. TheLoci systemusesarule-basedapproachto auto-
matically assemblethe numericalsimulationcomponents
into a working solver. This techniqueenhancesthe �e xi-
bility of simulationtools,reducingthecomplexity of CFD
softwareinducedby variousboundaryconditions,complex
geometries,aswell asvariedphysicalmodels.Loci plays
a centralrole in building �e xible goal-adaptive algorithms
that canquickly matchnumericaltechniqueswith various
physicalmodelingrequirements.The resultspresentedin
thisstudyprovidethebuilding blocksfor thesimulationof
morecomplex �o w problems,andalsohelpto validatethe
viability of theLoci system.

In the following, a brief introductionof the Loci sys-
temis provided,andthedevelopmentandvalidationof the
reactive-�ow application(CHEM) is detailed.Thegovern-
ing equations,including chemistry, thermodynamics,and
turbulencemodelsemployed in the study are described
next. Thenumericalformulationin three-dimensionalgen-
eralizedcoordinatesis thenpresented,including the treat-
mentof inviscid andviscous�ux es,gradientconstruction,
Jacobianformulations,and time integration. Whenever
appropriate,numericalheuristicsusedin thestudyto over-
comesomenumericalinstabilitiesarealsodocumented.

The Loci Framework
Loci is a framework for intra-applicationcoordination

of �ne-grained numericalkernelsand methods. To con-
trast,approachessuchasMDICE4 andNPSS5 arefocused
moreon inter-applicationcoordination.Both levelsof co-
ordination(inter- and intra-application)arevaluablewith
respectto softwarereuse.In theearlyto mid-Ninetiesthere
were many attemptsto useobject-orientedtechnologyat
the �ne grain, with somesuccess.For example,an early
implementationof theALEGRA6 codeat SandiaNational
Labsemployed a �nite-elementALE approach(Arbitrary
LagrangianEulerian),whereobjectsrepresentfundamen-
tal numericalcomponentssuchastensors,materialmodels,
stresses,forces, etc. While the code featuredan excel-
lent object-orienteddesign,maximizingreuseby creating
composeableobjectswith simplesemantics,the resulting
performancewasdisappointing:this implementationof the
ALEGRA codewasmorethanten timesslower than tra-
ditional Fortrancodes.The main sourcesof performance
bottleneckswere in the useof operatoroverloadingand
dynamicdispatch.A laterre-implementationof ALEGRA
removed the useof operatoroverloadingandreducedthe
useof dynamicdispatch. This implementationwas able
to achieve performancescomparableto Fortrancodes,at a

cost of signi�cantly reducingthe �e xibility of the result-
ing design. More recently, techniquessuchasexpression
templatesandtoolssuchasPETE7 (alsofrom Sandia)and
Blitz++8 have beenableto avoid the penaltiesassociated
with operatoroverloading.However, thecostsof usingdy-
namicdispatchat thelowestlevel of anapplicationdesign
continueto representa fundamentaloptimizationproblem
(dueto thefactthat it hidespotentialoptimizationsin reg-
isterallocationandinstructionreordering).

Loci allows one to have the �e xibility of creatingab-
stractionsusing fundamentalcomposeableobjects with
simple semantics,without inducing the costsassociated
with dynamicdispatch. It accomplishesthis by introduc-
ing a run-timelogical deductionenginethat is capableof
performingdeductionson aggregatesof simpletypes.The
semanticsof theseaggregationsaredocumentedasa Loci
rule, which is usedto deduceloop boundsthatarepassed
intocomputationalsubroutines.Usingthistechnique,mod-
erncompilersareableto performregisterscheduling,loop
unrolling, and instruction schedulingto achieve perfor-
mance. The deductionengineitself inducesa very small
overhead,sincedeductionsonaggregatescanbeperformed
in O � 1� time in mostcases.For example,in the CHEM
code(to be introducedin the next section),the deduction
overheadconsumessigni�cantly lessthan1% of theover-
all executiontime.

Theadvantagesof this approacharenumerous:1) since
therulesrepresentfundamentalcomputationalcomponents
their semanticsare simple and easily captured;2) since
the semanticsare simple, rules can be composedauto-
matically using logical deduction; 3) the semanticsof
applicationsformed by thesecompositionscan be (and
are)automaticallycheckedfor internalconsistency; and4)
intra-applicationresourcesmanagementispossible,includ-
ing automaticparallelization,cacheoptimization,memory
management,andcheck-pointing.

The CHEM code
TheCHEM codeis a library of Loci rules(�ne-grained

components),and provides: primitives for generalized
grids,includingmetrics;operatorssuchasgradient;chem-
ically reactingphysicsmodelssuchasequationsof state,
inviscid �ux functions,andtransportfunctions(viscosity,
conduction,anddiffusion);a varietyof time andspacein-
tegrationmethods;linearsystemsolvers;andmore. Com-
binedwith this library of rulesis an applicationfront end
that generatesan initial fact databaseandquery required
for Loci to assembletheserules into an applicationthat
cansimulatethree-dimensional�o ws of chemicallyreact-
ing mixturesof thermally perfectgases. Moreover, it is
morethanan applicationthat cansimulatechemicallyre-
acting �o ws: it is a library of reusablecomponentsthat
canbedynamicallyrecon�guredto solveavarietyof prob-
lemsinvolvinggeneralizedgridsby changingthegivenfact
database,addingrules,or changingthequery.

For example,supposethat onewishedto couplean ap-
plicationthatprovidedatemperature�eld to anapplication
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that required heat �ux es. One could provide the tem-
perature�eld, grid, and conductionfunction in the fact
databaseand query for heat flux and the codewould
becomea heat�ux calculatorby extractingthosecompo-
nentsof the chemicallyreacting�o w codethat compute
heat�ux es. If the fact databaseprovided inconsistentin-
formation (e.g., heat �ux es were impossibleto compute
with thegivenfacts,or nouniquesolutionwasfound),then
the systemwould automaticallygenerateerror messages
warningthe userof an incompleteor inconsistentformu-
lation. The likely componentsthat would be usedwould
includegrid metrics,temperaturegradients,conductionco-
ef�cients, etc. The userwould not needto be concerned
with thesedetails. Loci would automaticallyextract the
appropriatecomponentsandassemblethemin therequired
mannerasprescribedby the interfacespeci�cationsgiven
by eachrule. Theaboverepresentsjust oneof a myriadof
possibleexamples.

Multi-Ph ysicsSimulationsusingLoci
Developments in multi-physics or multi-disciplinary

simulationscan be divided into two generalapproaches:
loosecoupling of a variety of applicationsthat are spe-
cializedto singledisciplines,hopefullyiteratingto conver-
gence;or tight couplingin oneintegratedmultidisciplinary
application. The former approachhasthe advantagethat
the coupledcodeemploys appropriatenumericalmodels
thathavebeenvalidatedfor eachindividualdiscipline,and
is relatively straightforward to assemble.However, it can
have uncertainstability properties,and may be problem-
atic for transientproblems,particularlywhencharacteristic
timescalesof thevariousdisciplinesaresimilar. Thelatter
approachtypically placesall disciplinesunderonenumeri-
cal methodumbrella(e.g. �nite-elementor �nite-v olume).
CurrentexamplesincludeSPECTRUM (now part of AN-
SYS) andPHYSICA.9 This approachhasthe advantages
thatcouplingis seamless,easilyincorporatingtransientand
non-linearsolvers. However, onemay have conditioning
problemsif disciplineshave widely different time-scales,
unlesscareis taken in formulation. Also, this one-size-
�ts-all approachremovesthepossibilityof usingthemost
appropriatenumericalmethodfor each individual disci-
pline.

With Loci, a third approachis possible. Each disci-
plinecanusethenumericalmethodthatis bestsuitedto its
accuratesimulation(as in the looselycoupledapproach),
while theinterfacebetweendisciplinescantake advantage
of knowledgeof thespeci�c numericalmethods(e.g.,space
and time integration) to develop a coupling that remains
true to thephysicsandnumerics.A full range of possible
interfacetreatmentscanbe implemented:from loosecou-
pling techniques,to domain-decompositionmethods,all
theway to tight non-linearcoupling.

However, not all applicationshave to be deconstructed
into Loci rulesin orderto bereusedwithin theLoci frame-
work. Applicationshavetheirvalue,which is rathersignif-
icant, in the fact that they have beenvalidatedfor solving

speci�c classesof problems:any majorrestructuringwould
destroy thisvalue.In suchcases,Loci providesfacilitiesto
packageapplicationsas Loci rules. However, with such
anapproachonemustbewilling to acceptcertaincompro-
mises: the resultingsoftwarewill not be able to take full
advantageof theautomaticresourcemanagementschemes
availablein Loci, andthefull rangeof couplingandexten-
sibility optionswill not be available. In this sense,Loci
is meantto becomplementaryto application-level toolkits
suchasNPSSandMDICE. Loci applicationscanbeeasily
transformedinto new applicationsby providing new facts,
rules,or queries.As such,in the context of systemssuch
asNPSSandMDICE, Loci provides�e xible adapterappli-
cationsthatarecreatedonthe�y by re-composingexisting
computationalkernelsalreadystoredin a pre-de�nedbut
extensiblerule database(for examplerulesfor curl, diver-
gence,gradient,equationsof state,�nite-elementor �nite-
volumeintegrationmethods).In summary, Loci provides
an interestingnew approachto multi-physicssimulations:
it allows theuserto chooseanoptimalpoint within theen-
tire rangeof couplingstrategies,anywherefrom thetightly
coupledsinglediscretizationapproachto the looselycou-
pledmulti-codesolution.

Model Equations

At the presenttime, a non-equilibrium�o w model is
implementedin Loci. This modelhasbeenbenchmarked
for inviscid reactive �o w;2 resultsfrom viscous,turbulent
problemsarepresentedin this study. Thegoverningequa-
tionsandphysicalmodelsfor the�uid phaseareintroduced
in thefollowing sections.Algorithmsfor thesimulationof
the thermo-mechanicalresponseof a solid phaseare un-
derdevelopment(a preliminaryversionof a �nite-element
modeldevelopedfor this purposehasalreadybeenimple-
mentedwithin Loci10).

Governing Equations

A �nite-v olume procedureis applied to discretizethe
�o w equations.After integrationoveracomputationalcell,
thegoverningequationsfor a three-dimensional�o w with
non-equilibriumchemistryandequilibriuminternalenergy,
written in vectorform for an arbitrarycontrol volumeWc
(closedby a boundary¶Wc) are:

d
dt

�

Wc �

t �

Q dV
�

�

¶Wc �

t �

� Fi �

Fv � dS
�

�

Wc �

t �

�W dV� (1)

wherethevectorsof conservativestatevariables,Q, invis-
cid �ux, Fi, viscous�ux, Fv, andchemistrysourceterm, �W,
aregivenby:
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 (3)

Thermodynamic Model

Thepressureterm p is unde�nedin thegoverningequa-
tions. In the presentstudy, pressureis determinedfrom
Dalton's law, which statesthat the pressureof a mixture
of gasesis thesumof partial pressuresof eachindividual
species,and eachspeciesbehavesas a thermally perfect
gas.Thusthemixturepressurecanbemodeledas:

p
�

NS

å
s� 1

r sRsT 
 (4)

In Eq. (4), pressureis relatedto gastemperature,which is
determinedfrom theinternalenergy, einternal. Moreover,

e0 �

1
2

ũ � ũ
�

einternal �

eother � (5)

wherethetotalenergye0 appearsin thevectorof conserved
variables,andeother denotesadditionalenergy termspossi-
bly involved,suchasturbulentkinetic energy if turbulence
mixing is considered,or latentheatif thereis phasechange
in the �o w. The internalenergy of a mixture is computed
asthesumof internalenergy of species,es:

einternal �

NS

å
s� 1

Yses 
 (6)

If theinternalenergy of eachspeciesis assumedto bein
thermodynamicequilibrium,andvibrationalcontributions
areincludedin es by meansof asimpleharmonicoscillator
formula,11 then the speciesinternalenergy is represented
as:

es �

nsRsT �

NVTs

å
v� 1 �

Rsqv� s

eqv
 s �

T
�

1 �

�

hf s

 (7)

The translationalandrotationalcontributionsto the inter-
nalenergy areincludedby usingappropriatevaluesfor the
constantns. Alternatively, theusercanselectpiecewise4th

degreepolynomial functionsfor speciesspeci�c heatcps
representedas:

cps �

As �

BsT �

CsT2
�

DsT3
�

EsT4
� (8)

whereAs � Bs � Cs � Ds � andEs areempiricallydeterminedco-
ef�cients that can be obtainedfrom standardreferences
suchasJANAF tables.12 Similarly, the Shomatecurve �t
canbeusedfor speciesenergy es:

cps �

As �

BsT �

CsT2
�

DsT3
�

GsT �

2
� (9)

whereAs � Bs � Cs � Ds � andGs areempiricallydeterminedco-
ef�cients that can be obtainedfrom standardreferences
suchastheNIST ChemistryWebBook.13

Speciesinternalenergy is obtainedfrom thesecurve �ts
by integratingcp usingtheexpression

es �

�

cps � T � dT
�

RsT � (10)

wheretheconstantof integrationisprovidedbyauserspec-
i�ed enthalpy at a referencetemperature.

Chemistry Model

In thegoverningequations,thespeciesproductionrates
�ws have to bemodeled.In general,NR chemicalreactions
involving NS speciescanberepresentedas:

n 	1 � rX1 �

�����

�

n 	s� rXs �

�����

�

nNS� rXNS �

n 	 	1 � rX1 �

�����

�

n 	 	s� rXs �

�����

�

n 	 	NS� rXNS �

r
�

1 ������� � NR �

(11)

whereXs representsthespeciess. Thespeciesproduction
ratecanbeexpressedas:

�ws ���

dr s

dt � chemistry
�

�

s

NR

å
r � 1

� n 	 	s� r �

n 	s� r ���

�

� kf � r

NS

Õ
l � 1

�

r l
�

l �

n
	l 
 r

�

kb � r

NS

Õ
l � 1

�

r l
�

l �

n
	 	l 
 r

�

�




(12)

The forward reaction rates are evaluatedby Arrhenius
curve �ts:

kf � r � T �

�

CTh e�

q
�

T
� (13)

whereC, h , andq areappropriateconstants,andtheback-
ward reactionratesare obtainedby using the following
relationship:

kb � r �

kf � r

Ke� r
� (14)

whereKe� r is theequilibriumconstant,which is determined
from thermodynamics.2

Modeling of ViscousTerms

In orderto closethesystemof equations,thestressten-
sor, theheat�ux vector, andthespeciesdiffusionvelocities
thatappearin theviscous�ux mustbede�ned. Only New-
tonian �uids are consideredhere,wherethereis a linear
relationshipbetweenstressand deformationrate. More-
over, Fourier's Law is employedto relateheatconduction
and temperaturegradients. Under theseassumption,the
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stresstensorandheat�ux vectorin Cartesianform canbe
writtenas:

t i j �

� m
�

mt � �

¶ui

¶x j
�

¶u j

¶xi
�

�

2
3 �

� m
�

mt � Ñ � ũ� di j �

i
�

1 � 2 � 3 � j
�

1 � 2 � 3 �

(15)

q̃
�

� l
�

mtcp �

Prt � ÑT � (16)

wheredi j is the Kronecker tensor. A constantturbulent
Prandtlnumberof Prt �

0 
 9 will be usedin all computa-
tions.

The transportpropertiesof themixture,namelyviscos-
ity coef�cient, m, andthermalconductivity, l , areusually
evaluatedin two steps:�rst, onedeterminesthe transport
propertiesfor eachspecies;thena mixing rule is invoked
in orderto obtainmixturevalues.

Two modelsare applied to computespeciestransport
properties.At temperaturelowerthan1000K, Sutherland's
law is usedas:

ti �

T3
�

2 Ft � i

T
�

Gt � i
� (17)

whereti standsfor either mi or l i , and Ft � i , Gt � i are con-
stantsdeterminedempirically. At temperaturehigherthan
1000K, a moreaccuratemodelbasedon curve �t tabula-
tion proposedby Guptaet al.14 is utilized:

mi �

exp � Cm� i � TAm
 i lnT � Bm
 i
� (18)

l i �

exp � Ef � i � T �

Af 
 i �

lnT �

3
� Bf 
 i �

lnT �

2
� Cf 
 i lnT � D f 
 i �

� (19)

where Am� i , Bm� i , Cm� i , Af � i , Bf � i, Cf � i , D f � i and Ef � i are
tabulatedcurve �t coef�cients. Alternatively, 4th degree
polynomialcurve �ts similar to Eq. (8) canbespeci�ed in
placeof Eqs.(18) and (19), and the coef�cients of these
curve �ts canbe obtainedusingthe CHEMKIN transport
library.15

Oncethe transportpropertiesfor individual speciesare
obtained,Wilke's rule is appliedto determinemixtureval-
ues,asfollows:

t
�

NS

å
i � 1

Witi � (20)

wheret denotestransportpropertiesfor themixture(either
mor l ) andtheweightingfunctionWi is givenby

Wi �

Xi

å NS
j � 1Xj f i j

� (21)

wherethecoef�cient f i j is givenby

f i j �

1
�

8
�

1
�

�

i
�

j �

�

1
�

2 �

1
���

mi

mj
�

�

i
�

j �

1
�

4 � 2

 (22)

Fick's law of diffusionis employedto modelspeciesdif-
fusionvelocityṼs:

r sṼs �
�

�

r Ds �

mt

Sct �

ÑYs � (23)

whereDs is thediffusioncoef�cient, mt is theeddyviscos-
ity, andSct is the turbulent Schmidtnumber. The species
diffusioncoef�cient, Ds, canbeobtainedby userspeci�ca-
tion or theCHEMKIN transportlibrary.15

TurbulenceModels
Several turbulencemodelsare implementedin CHEM,

including the algebraic Baldwin-Lomax,16 the one-
equationSpalart-Allmaras,17 anda family of two-equation
modelsincludingtheSSTformulationby Menter.18 These
modelsarebrie�y describedin thefollowing sections.

Baldwin-Lomax Model

TheBaldwin-Lomaxmodelisatwo-layeralgebraiceddy
viscositymodel.Theeddyviscosityis de�ned as

nt �	�

nti � y 
 ycrossover;
nto � y � ycrossover 


(24)

wherey is thenormaldistancefrom thewall andycrossover
is thesmallestvalueof y for whichnti �

nto. Theinnerand
outerlayerviscositiesaregivenasfollows:

InnerLayer:
nti �

l2W� (25)

wherethemixing lengthis

l
�

ky
�

1
�

exp �

�

y�

�

A�

��� � (26)

andWis themagnitudeof thevorticity vector. Thedimen-
sionlessnormaldistanceis de�ned as

y�

�

ut y
n

� (27)

whereut is thefriction velocity (ut ��


t wall �

r ).
OuterLayer:

nto �

KCcpFwakeFkleb � y� � (28)

where

Fwake �

min� ymaxFmax� Cwkymaxu2
di f �

Fmax� � (29)

Fmax �

1
k

max� lW� � (30)

andymax is thevalueof y at which Fmax occurs.Thefunc-
tion Fkleb � y� is theKlebanoff intermittency factor, givenby

Fkleb � y�

�

�

1
�

5 
 5
�

Ckleby
ymax �

6 �

�

1

 (31)

Thequantityudi f in Eq.(29)is thedifferencebetweenmax-
imumandminimumvelocityin theboundarylayervelocity
pro�le.

Theconstantsappearingin theaboverelationsare:

A�

�

26� Ccp �

1 
 6 � Ckleb �

0 
 3 �

Cwk �

0 
 25� k
�

0 
 4 � K
�

0 
 0168


(32)

At theimplementationlevel, theBaldwin-Lomaxmodel
usually relieson having velocity andvorticity pro�les on
a smoothgrid line, roughly orthogonalto the no-slip sur-
face. Thus, due to this non-local featureof the model,
thereis a challengeif it is implementedwith unstructured
grids. However, by creatinga mappingbetweencells and
the nearestno-slip facesunderthe Loci system,an arbi-
trary grid line canbe drawn, connectinga speci�c no-slip
surfaceandall thecellswhicharerelatedto this face.
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Spalart-Allmaras Model

Thede�ning equationsfor this modelarewritten asfol-
lows:

KinematicEddyViscosity:n
�

nt �

fv1.
EddyViscosityEquation:

¶n
¶t �

u j
¶n
¶x j

�

1
s

¶
¶xk

�

� n
�

n �

¶n
¶xk

�

�

cb2

s
¶n
¶xk

¶n
¶xk

�

cb1S̃n
�

cw1 fw
�

n
y

�

2
�

(33)

wherethelasttwo termsontheleft handsiderepresenttur-
bulentdiffusion,andtensornotationis employed(repeated
indexes j � k denotesummations).The�rst termontheright
is theturbulenceproduction,while thesecondtermdenotes
thedestructiondueto thepresenceof a wall.

ClosureCoef�cients andAuxiliary Relations:

cb1 �

0 
 14� cb2 �

0 
 6 � cv1 �

7 
 1 � s
�

2
�

3 �

cw1 �

cb1

k 2 �

� 1
�

cb2 �

s
� cw2 �

0 
 3 � cw3 �

2 � k
�

0 
 41�

fv1 �

c 3

c 3
�

c3
v1

� fv2 �

1
�

c
1

�

c fv1
�

fw �

g
� 1

�

c6
w3

g6
�

c6
w3

� 1
�

6
� c

�

n
n

� g
�

r
�

cw2 � r6
�

r � �

r
�

n
S̃k 2y2

� S̃
�

S
�

n
k 2y2 fv2 � S

�




2Wi jWi j 
 (34)

The tensorWi j �

1
2 � ¶ui �

¶x j �

¶u j �

¶xi � is onehalf of
thevorticity tensor, andy is thedistanceto theclosestwall
surface.For simplicity, no tripping termis included.

Thevaluen at thewall boundaryis setto zero,andthe
valueof nt in thefreestreamis selectedasnt �

10
�

3n.
The correspondingintegral form of Eq. (33) canbe in-

cludedinto thesystemof governingequations,Eq. (1), by
addingthe following additionaltermsto thevectorsQ, F,
Fv, andW:

Q
�

r n � F
�

r nũ � ñ � Fv �

1
s

r � n
�

n � Ñn � ñ �

�W
�

r cb1S̃n
�

r cw1 fw
�

n
y

�

2

�

r
s

�

� n
�

n � Ñn � Ñr
�

cb2r � Ñn �

2
�

�

(35)

whereturbulentproduction,destruction,andpartof diffu-
sionareincludedin thesourceterm.

BaselineModel (BSL)

It is well known that two-equationeddy-viscositylow-
Reynolds-numberturbulencemodelsareamongthe most
widely usedmodelsfor engineeringapplicationstoday, and
the k

�

e model with dampingfunctionsnearthe wall is
themostpopular. However, the k

�

e modeloften suffers
from numericalstability problemsdueto disparateturbu-
lent time scales.Anotherwell-known two-equationturbu-
lencemodel is the k

�

w model,developedby Wilcox.19

It hastheadvantagethat it doesnot requiredampingfunc-
tionsin theviscoussublayerandthattheequationsareless
stiff nearthewall, thereforeit is superiorto thek

�

e model
with regardto numericalstability. However, whenapplied
to thefreeshearlayers,it is foundthatthereis astrongde-
pendency of the resultson the freestreamvalueof w.18,20

Mentercreatedanew model,calledbaseline(BSL) model,
by blendingthe k

�

e andk
�

w models.21 It utilizes the
k

�

w model in the wall region andgraduallyswitchesto
the k

�

e modelaway from the wall. To achieve this, the
k

�

e modelis �rst transformedinto a k
�

w formulation,
and an additionalcrossdiffusion term is added(another
diffusion term associatedwith turbulent kinetic energy is
neglectedin theformulationundercertainassumptions22).
Theoriginalk

�

w equationsarethenmultipliedby ablend-
ing functionFbsl, thetransformedk

�

e equationsaremul-
tiplied by � 1

�

Fbsl � , andthenbothareaddedtogether. The
blendingfunctionFbsl is designedso that it is unity at the
wall, andgraduallyapproacheszeroaway from the wall.
Note that the k

�

w modelcanbe easilyobtainedby set-
ting Fbsl �

1 identically. In order to accuratelypredict
adversepressuregradient�o ws,especiallyin thewake re-
gion, Menter21 modi�ed the BSL modelby including the
transportof the principal turbulent shearstress23 in the
eddy-viscosityformulations.This leadsto theshear-stress
transport(SST)model.In thepresentstudy, bothBSL and
SSTmodelsarediscussed.

Thede�ning equationsfor theBSL modelarewrittenas:
KinematicEddyViscosity:

nt �

k
�

w � (36)

TurbulentStressTensor:

t 	i j �

mt �

¶ui

¶x j
�

¶u j

¶xi �

�

2
3

� mtÑ � ũ
�

r k� di j �

i
�

1 � 2 � 3 � j
�

1 � 2 � 3 �

(37)

TurbulentKineticEnergyEquation:

Dr k
Dt �

t 	i j
¶ui

¶x j
�

b � r wk
�

¶
¶x j

�

� m
�

mtsk �

¶k
¶x j

�

� (38)

TurbulentDissipationEquation:

Dr w
Dt �

g
nt

t 	i j
¶ui

¶x j
�

br w2
�

¶
¶x j

�

� m
�

mtsw �

¶w
¶x j

�

�

2 � 1
�

Fbsl� r sw2
1
w

¶k
¶x j

¶w
¶x j




(39)

ClosureCoef�cients:
All theconstantsf of themodelarecomputedby blend-

ing theappropriatek
�

w andk
�

e constants,asfollows:

f
�

Fbslf 1 �

� 1
�

Fbsl � f 2 � (40)
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wheretheconstantsf 1 (k
�

w) are:

sk1 �

0 
 5 � sw1 �

0 
 5 � b1 �

0 
 075�

b �

�

0 
 09� k
�

0 
 41� g1 �

b1 �

b �

�

sw1k 2
�




b
�

�

(41)

andtheconstantsf 2 (k
�

e) are:

sk2 �

0 
 5 � sw2 �

0 
 856� b2 �

0 
 0828�

b �

�

0 
 09� k
�

0 
 41� g2 �

b2 �

b �

�

sw2k 2
�




b
�




(42)

TheblendingfunctionFsbl is de�ned asfollows:

Fbsl �

tanh� arg4
bsl � � (43)

where

argbsl �

min
�

max
�

�

k
0 
 09wy

�

500n
y2w

�

�

4r sw2k
CDkwy2

�

� (44)

andy is thedistanceto theclosestpointawayfrom thewall
surface.In theabove,CDkw is de�ned as:

CDkw �

max
�

2r sw2
1
w

¶k
¶x j

¶w
¶x j

� 10�

20

�


 (45)

Theboundaryconditionsfor k andw at a solidwall are:

k
�

0 � w
�

10
6g

b1 ��� y1 �

2 � (46)

where � y1 is the distancefrom the �rst cell centerto the
solidwall.

The following freestreamvaluesareusedin thecurrent
simulations:

w¥ �

10
U¥

L
� nt¥ �

10�

3n¥ � (47)

whereU¥ is the referencevelocity, n¥ is the laminarvis-
cocityat referenceconditions,andL is thegeometryrefer-
encelength.

The correspondingintegral form of Eqs.(38) and(39)
can be includedinto the systemof governing equations,
Eq.(1),byaddingthefollowingadditionaltermsto thevec-
torsQ, F, Fv, andW:

Q
�

�

r k
r w �

� F
�

�

r kũ � ñ
r wũ � ñ�

� Fv �

�

� m
�

mtsk � Ñk � ñ
� m

�

mtsw � Ñw � ñ�

�

W
�

r �

t 	i j
¶ui
¶xj �

b
�

r wk
g
nt

t 	i j
¶ui
¶xj �

br w2
�

2 � 1
�

Fbsl� r sw2
1
w

¶k
¶xj

¶w
¶xj �




(48)

ShearStressTransport Model (SST)

The SSTmodel is similar to the BSL modeldescribed
above, except that s k1 �

0 
 85, and the eddy viscosity is
de�ned as:

nt �

a1k
max� a1w � WFsst �

� (49)

whereW is the absolutevalue of the vorticity, and a1 �

0 
 31. TheblendingfunctionFsst is givenby:

Fsst �

tanh� arg2
sst � � (50)

where

argsst �

max
�

2

�

k
0 
 09wy

�

500n
y2w

�


 (51)

TurbulenceCompressibility Corr ections

Compressibility corrections for high-speed shear
�o ws24,25 are implementedin the turbulenceequations.
Thesecorrectionsare expectedto improve the resultson
someproblems,suchas the mixing of differentchemical
speciesin high-speedshear�o ws. Moreover, a clipping
techniqueis appliedto k andw to ensurethepositivity of
themodels.Additionally, a limiter on turbulentproduction
is provided to keep the modelssuf�ciently close to the
equilibrium assumptionsupon which they were derived.
However, no furthernumericalmodi�cationsaremade.

Numerical Formulation
Thenumericalmodelemployedin this studyis a �nite-

volumetechniquethatsupportsgeneralizedgrids26 (gener-
alizedgridsarediscretizationscomposedof arbitrarypoly-
hedra,includingtetrahedra,prisms,pyramids,andhexahe-
dra). Sincethis formulationis basedon cell centeredinte-
grations,any grid typecanbeexpressed,including“hang-
ing” nodesfoundin adaptivemeshre�nement(AMR).

Numerical Approximations to Spatial Integrals

The numerical solution of the governing equations,
Eq. (1), is obtainedby applyingthe�nite volumemethod.
This approachis frequentlyusedbecauseit canguarantee
that numericaltruncationerrorsdo not violate conserva-
tion properties.Thenumericalintegrationof Eq.(1) begins
with approximationsto volumeandsurfaceintegrals. For
thevolumeintegralsa second-ordermidpoint rule is used.
For example,thenumericalintegrationof Q resultsin

�

Wc �

t �

Q � x̃ � t � dV
�

Qc � t �

�

c � t � � (52)

whereQc � t � is thevalueof Q at thecentroidof cell c, and
�

c � t � is de�ned by

�

c � t �

�

�

Wc �

t �

dV
 (53)

The numerical integration of the surface integral in
Eq. (1) is accomplishedby summingthe contributionsof
eachof theNF facesof cell c. Eachindividualcontribution
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is againapproximatedusing the midpoint rule. The �ux
function itself will requireadditionalnumericaltreatment,
andwill be discussedin later sections. For now, assume
thatthe�ux canbeapproximatedby a function,F̂, of con-
servativevaluesto theleft andright of theface.Giventhis,
thenumericalintegrationof F

�

Fi �

Fv resultsin the fol-
lowing

�

¶Wc �

t �

FdS
�

NFc

å
f � 1

�

¶Wc 
 f �

t �

FdS �

NFc

å
f � 1

�

c � f � t � F̂f � (54)

wheretheareaof theface,
�

c � f � t � , is de�ned as

�

c � f � t �

�

�

¶Wc 
 f �

t �

dS
 (55)

At thispoint,Eq.(1) is numericallyapproximatedby the
equation

d
dt �

�

c � t � Qc � t � �

�

NFc

å
f � 1

�

c � f � t � F̂f �

�

c � t �

�Wc � t �


 (56)

Notice that thedifferentialtermthat remainsin this equa-
tion appliesto theproductof volumeandconservativestate
vector for the cell. However, the variablethat is the ob-
jective of thesecalculationsis Qc � t � , not

�

c � t � Qc � t � . This
problemis solvedby applyingthechainrule:

d
dt

Qc � t �

�

c � t �

�

Qc � t �

d
dt

�

c � t �

�

�

c � t �

d
dt

Qc � t �


 (57)

Thederivative of volumewith respectto time canbecon-
vertedinto a spatialintegral throughtheuseof an identity
for integrationover time-dependentdomains:27

Qc
d
dt

�

c � t �

�

Qc
d
dt

�

Wc �

t �

dV

�

Qc

�

¶Wc �

t �

ũW � ñdS

� Qc

NFc

å
f � 1

�

c � f � t � � ũW� f � ñc � f �




(58)

Thisequation,known asthegeometricconservationlaw,28

is necessaryfor correcttime integrationwhenmeshdefor-
mationis present.Giventhis, thesolutionmethodcannow
be describedin termsof a systemof ordinarydifferential
equationsof theform

�

c
d
dt

Qc �

Rc � (59)

whereRc is givenby theexpression

Rc �

�

c �Wc �

NFc

å
f � 1

�

c � f F̂f �

Qc

NFc

å
f � 1

�

c � f � ũW� f � ñc � f �


 (60)

Eqs.(59) and(60) describea systemof ordinarydiffer-
entialequationsthatnumericallymodelthetime evolution

of the�uid dynamicsequationswhensimultaneouslysatis-
�ed for all cellsin themesh.To representthis fact,thecell
subscriptc will be dropped.ThusQc representsthe �uid
statefor cell c, while Q representsthe �uid statesof all
cells in themesh.For example,while Eq. (59) represents
thecell by cell differentialequations,theglobalsystemof
equationsis givenby

� d
dt

Q � t �

�

R� Q � t � � t �


 (61)

Geometric Integrations

In theprevioussection,numericalintegrationsover sur-
facesandvolumesweredescribedwithoutexplicitly de�n-
ing theformulasusedto evaluateEqs.(53) and(55). Here
the numericalintegrationsthat approximatethe volumes
and areasof generalizedcells and facesare discussedin
somedetail. Several considerationshave to be madere-
gardingthesecomputations. First, when the nodesof a
generalizedfacearenotco-planar, thegeometryof theface
is notuniquelyspeci�ed. A uniquespeci�cationof thege-
ometryof suchfacescanbe obtainedby subdividing the
faceinto triangles:usingasymmetricdecomposition,each
edgeof the face,combinedwith the facecentroid,creates
a triangle.This strategy allows thefacegeometryto bein-
dependentof data-structuresusedto describegeneralized
meshes(thegeometryis thesameregardlessof theorder-
ing of thefaceedges).Usingthistechnique,theareafor the
faceis determinednumericallyusingthefollowingsumma-
tion

˜�

c � f �

1
2

NE f

å
e� 1

� x̃1 � e �

x̃c � f � � � x̃2 � e �

x̃c � f � � (62)

wherex̃1 � e and x̃2 � e are the positionsof the two nodesof
edgee in counter-clockwiseorder, andx̃c � f is thefacecen-
troid (approximatedby an edge-length-weightedsum of
edgecenters).Herethe computedareais a vector, which
is representedastheproductof thefacenormalvectorand
thefacearea, ˜�

�

�

ñ.
For numericalapproximationsof the volume integrals,

it is essentialto achieve a geometricconservation of vol-
ume,avoiding truncationerrorsin integratingvolumesthat
would yield inaccuratetotal volumecomputations.For ex-
ample,onewouldexpectthatthesumof theindividualcell
volumeswould be equalto the total grid volumeif exact
arithmeticwereused. To accomplishthis, the volumeof
a cell is determinedby decomposingit into tetrahedraand
summingthe individual tetrahedralvolumes.The volume
of a tetrahedronis givenby

�

tet �

1
3!

�

ã � � b̃ � c̃��� � (63)

whereã, b̃, andc̃ arethe threeedgevectorsfrom a given
vertex of thetetrahedron.Thevolumeof a generalizedcell
is then computedby using the triangulationof eachface
andthecell centroid:eachsurfacetriangleandthecell cen-
troidde�ne atetrahedron.Thecell volumeis thesumof the
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tetrahedravolumes.Thus,thevolumeof acell is computed
by combiningEqs.(62)and(63),andfactoring,to obtain

�

c � �

1
3

NFc

å
f � 1

� x̃c � c �

x̃c � f ���

˜�

c � f � (64)

wherex̃c � c is the cell centroid(approximatedby the area-
weightedsumof facecentroids).Noticethatthiscomputa-
tion assumesthat thefacenormalspoint outwardfrom the
cell,whichexplainsthenegativesign.Usingthisapproach,
onecancomputethecorrectvolumeof any cell, including
highly non-convex cells.

Treatmentof Inviscid Fluxes

The inviscid termsof the Navier-Stokes equationsare
treated using �ux-dif ference-splittingtechniques. The
applicationof theseapproachesin the context of high-
resolution �nite-v olume algorithms involves the recon-
structionof functional valueswithin eachcell to provide
left and right statesat cell faces. When the function is
relatively smooth,theseleft and right statesare approxi-
matelyequal. However, whena discontinuityoccurs,the
resulting�ux esshouldsatisfytheRankine-Hugoniotequa-
tionsto remainconsistentwith theunderlyingphysics.This
is wherethe applicationof �ux differencealgorithmsbe-
comessalient. This sectiondescribestechniquesusedto
establishleft andright conditionsfor generalizedgrids.

Cell FunctionReconstruction

A piecewiselinearreconstructionis usedto approximate
thesolutionvariableswithin cells. Primitive variablesare
usedto ensurethat thesereconstructionsremainphysical
(no negative temperaturesor pressures). The linear re-
constructionis derived from cell valuesandgradientsby
applyinga second-orderTaylor-seriesexpansion:

qp � x̃�

�

qp � x̃c �

�

Ñqp � x̃c ��� dr̃
�

O � � dr̃ �

2
� � (65)

whereÑqp is thegradientof theprimitivevariablesqp, and
dr̃ is thevectorfrom thecenterof thecell x̃c to thedesired
point x̃.

Thus, a de�ne piecewise linear reconstructionof the
primitivevariablesin cell c with centroidx̃c � c is givenby

qR
p � c � x̃�

�

qp � c �

Ñqp � c � dr̃ � (66)

whereqR
p � c � x̃� is thereconstructedfunction,qp � c is thecom-

putedprimitive variable,andÑqp � c is thecomputedgradi-
entwithin cell c.

The gradientat thecell centroid,Ñqp � c, is evaluatedby
minimizing the weightederror betweenthe reconstructed
functionandneighboringcell values.Thustheerrorof the
reconstructedfunctionminimizestheweightedL2-error in
theneighborhoodof cell i:

error
�

��

�

�

NFc

å
f � 1

�

�

c � f
�

qR
p � c � x̃c � d �

�

qp � d �
�

2
� (67)

where
�

c � f is the areaof the commonfacesharedby the
adjoiningcells c andd, andx̃c � d is the centroidof cell d.
Area weighting of the error, inspiredby a Green's theo-
rem perspective of gradientcomputations,is usedto re-
cover correctthin-layerbehavior for viscousgridsapplied
to curvedsurfaces,wherehighly anisotropicprismaticcells
are usually found. The gradientthat minimizesEq. (67)
is obtainedby using a standardlinear least squaresap-
proach. A QR factorizationmethodis usedto solve the
resulting(overdetermined)linearsystemfor enhancednu-
mericalstability.

However, the reconstructiongiven in Eq. (66) cannot
be usedfor problemsthat containdiscontinuities,due to
the introductionof non-physicalovershoots. The recon-
struction is constrainedto be monotonicfor the inviscid
�ux extrapolations. This is accomplishedby applying a
gradientlimiter to the reconstructionto form the limited
reconstruction:

qL
p � c � x̃�

�

qp � c �

f cÑqp � c � dr̃ � (68)

wheref c is thelimiter function,that ideally hasa valueof
unity when reconstructionsare smoothbut diminishesto
zeroin thepresenceof discontinuities.A varietyof limiter
functionscan be employed: a few that are applicableto
generalizedgridsaredescribedbelow.

BarthandJespersenLimiter
The limiter developedby Barth and Jespersen29 was

originally formulated, and is widely used, for multi-
dimensionalunstructuredmeshes. This limiter is easily
extendedto generalizedgrids. The limiter function is de-
�ned asfollows:

f c �

min � f cd � � (69)

where

f cd �

��

�

�

�

�

�

��

min
�

1 �

qmax
p

�

qp 
 c

qR
p �

Äxc 
 f �

�

qp 
 c
�

:qp � c � qR
p � x̃c � f � �

min
�

1 �

qmin
p

�

qp 
 c

qR
p �

Äxc 
 f �

�

qp 
 c
�

:qp � c �

qR
p � x̃c � f � �

1 :qp � c �

qR
p � x̃c � f � �

(70)

whereqmin
p andqmax

p aretheminimum andmaximumval-
uesof qp respectively, amongthe cells adjacentto cell c,
includingcell c itself, andqR

p � x̃c � f � is thecell reconstructed
function,de�ned in Eq. (66),usedto extrapolatefrom cell
c to thefacebetweencellsc andd.

Venkatakrishna'sLimiter
While thelimiter of BarthandJespersenprohibitsover-

shoots,it often exhibits poor convergencecharacteristics,
dueto the appearanceof limit cycles. In addition, it fre-
quently destroys the accuracy of solutions in relatively
smoothregions of the �eld, wheresmall numericalper-
turbationsactivate the limiter. To correct these prob-
lems, Venkatakrishna30 proposeda thresholdedlimiter.
The thresholdingin this limiter is designedso that it al-
lows small overshootsin relatively smoothregions,while
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stronglyenforcinglimiting wherestrongperturbationsare
present.Theresultinglimiter producesmuchbetterconver-
gencerateswith higheraccuracy thantheBarthlimiter. The
Venkatakrishnalimiter usedin the CHEM codereplaces
Eq.(70)with thefollowing:

f cd �

1
D

�

�

� D2
�

�

e2
� D

�

�

2D2
�

D
�

D2
�

�

2D2
�

�

D
�

D
�

�

e2
�

� (71)

where

e2
� �

Klc
lref �

3

q2
ref � (72)

and lc is a referencelengthde�ned by cell c. Moreover,
lref is a referencelengthde�ned by the total grid volume,
andqref is a referenceconditioncomputedfrom the local
cell density, sound-speed,or pressure.K is a user-de�ned
parameterthatsetsa thresholdfor limiting. For this study,
K is setto a valueof 1.0. Theothervariablesappearingin
Eq.(71)arede�ned asfollows:

D
�

�

qR
p � x̃c � f �

�

qp � c

and

D
� � �

qmax
p �

qR
p � x̃c � f � : qp � c �

qR
p � x̃c � f �

qmin
p �

qR
p � x̃c � f � : qp � c � qR

p � x̃c � f �


 (73)

AnAdaptiveApproximateRiemannSolver
The reconstructionmethoddescribedearlier is usedto

establishconditionson either side of a given facein the
mesh(theleft andright statesalreadymentioned).Thenu-
mericaltreatmentof the inviscid termstakesadvantageof
theapproximateRiemannsolver algorithmsto obtainlow
dissipation,shock-resolvingnumericalschemes.Theseal-
gorithmsinvolve solving approximationsof the Riemann
problemat cell faces.The mostpopularof theseapprox-
imate Riemannsolvers is the well known Roe scheme,
which hasbeenextendedto chemicallyreacting�o ws.31

However, the Roe algorithm is not robust when dealing
with slowly moving strongshocks. Unfortunately, these
shocksoccurfrequentlyin problemsinvolving chemistry:
for example,bow shocksof a hypersonicvehicleor Mach
diamondsin rocket exhausts. To resolve problemswith
strongshocks,anadaptive approachsuggestedby Quirk32

is employed: theRoeschemeis usedin mostregions,while
a slightly moredissipative but morerobust HLLE33 algo-
rithm is usedin regionscloseto strongshocks.However,
theoriginal formulationof the adaptive schemedescribed
by Quirk wassetin thecontext of structuredgrids; anex-
tensionto generalizedgrids is proposed,asfollows. First,
strongshocksareidenti�ed by �nding faceswheresigni�-
cantpressurejumpsexist, usingtherelation

�

pr
�

pl
�

min � pl � pr �

� a � (74)

wherea is set to a valuebetween1 and2, and the sub-
scriptsr and l refer to right and left states,respectively.

However, it is not suf�cient to apply the HLLE scheme
only at the strongshock: instead,it is necessaryto ap-
ply it downstreamof the shock. This is accomplishedby
�rst loopingovercells,andmarkingthedownstreamcell of
facesthatsatisfyEq. (74). Thena loop over facesfollows,
markingcellsthathaveadjacentupstreamcellsmarkedfor
strongshocks.The latter processis repeateda few times,
and as a result a layer of a few cells downstreamof the
strongshockare marked (the numberof repetitionsis a
user-de�nedparameter, andit typically rangesfrom 4 to 8).
Finally, theHLLE schemeis employedfor any facewhere
thecell on eithersidehasbeenmarkedasbeingcloseto a
strongshock.This algorithmhastheadvantagethat it can
beappliedto arbitrarygrid types.

Treatmentof ViscousFluxes

Theevaluationof theviscous�ux esrequirescarefulcon-
sideration,since discontinuitiesare dif�cult to reconcile
with computationsof stressesanddiffusionvelocities.The
considerationsandconcernsaffectingthepropertreatment
of the viscous�ux es are different from thosefor the in-
viscid terms. In particular, the �nal integratedstencil(the
sum of all of the numericalviscous�ux es for any given
cell) mustconsistof positive coef�cients if the numerical
approximationof the diffusion processis to maintainthe
maximumprinciple associatedwith the Laplaceequation.
Essentially, thesediffusionprocessesshouldnot introduce
new extremain thesolution. To ensurestencilswith posi-
tivecoef�cients, thetechniqueusedin theCobalt60 code34

is applied:it hastheadvantageof guaranteeingpositiveco-
ef�cients of theLaplaceoperator, at thecostof evaluating
anon-zeroresultwhenappliedto a linearfunction.

To evaluatethe viscous�ux es,mixture densityandve-
locity at each face are needed,as well as gradientsof
speciesmassfractions,velocities,andtemperatures.Face
valuesare evaluatedby using a simple volume-weighted
averageof the integratedcell valueson eithersideof the
face. The evaluationof facegradientsis more involved:
the�rst stepis thedeterminationof theaverageof theleast-
squaregradient(without limiter) computedfor thecellson
eithersideof theface,usingtheprocedurealreadyoutlined
for theinviscid�ux evaluation.Thesecondstepis thecom-
putationof thegradientin thedirectionnormalto theface.
The�nal resultis a combinationof theprevioustwo gradi-
ents:

Ñf f �

Ñf avg �

� Ñf avg � ñ� ñ
�

f � x̃c � c �

�

f � x̃d � c �

�

x̃c � c �

x̃d � c �
� ñ

ñ � (75)

wheref is the quantity underconsideration.In general,
a simpleaveragingof cell gradientsis insuf�cient, dueto
nearzero coef�cients in the Laplacestencil. The effect
of this poor stencil is observed in high frequency oscilla-
tions in the solution that dampmore slowly that what is
physically meaningful. On the other hand, the cell cen-
tereddifferencesdo not have this problem,however they
containaccurategradientinformationin a singledirection.
The above blendingprovidesboth goodstencilsand true
multidimensionalgradientsat theface.
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The fact that this approachproducesspurioussource
termswhenappliedto linearfunctionsis somewhatdiscon-
certing.However, it appearsthatthis issuedoesnothave a
signi�cant impactin practice.

Time Integration

The implicit time integration schemeemploys a two-
parameterfamily of algorithms,asdescribedby Beamand
Warming,35 andis givenby theequation

�

� � 1
�

y � DQn
�

y DQn
�

1
�

�

Dt � � 1
�

q � Rn
� Qn

�

�

qRn� 1
� Qn� 1

��� �

(76)

wheren is the current time stepand DQn
�

Qn� 1
�

Qn.
In the above, q andy are two parametersthat determine
theaccuracy of thetime-integrationalgorithms.For exam-
ple,settingq

�

1 � y
�

0 givestheimplicit backwardEuler
schemetypically usedin steady-statesimulations,while a
second-orderthree-pointbackwardscheme(q

�

1 � y
�

1
2)

is usedfor time-accuratesimulations.
Eq.(76) representsanon-linear systemof equationsfor

thevaluesof Qn� 1, andcanberearrangedto read

1
�

y
qDt

�

� Qn� 1
�

Qn
�

�

�

1
�

q
q

Rn
� Qn

�

�

Rn� 1
� Qn� 1

�

�

�

� y
qDt

� Qn
�

Qn
�

1
�

���

� Qn� 1
�

�

0 


(77)

Eq. (77) is solvedby a Newton iterative method,asfol-
lows:

���

� Qn� 1 � p
� � Qn� 1 � p� 1

�

Qn� 1 � p
�

�
�

�

� Qn� 1 � p
� � (78)

for p � 0, wherethe Newton iteration is initialized using
theprevious time stepvalue(Qn� 1 � p� 0

�

Qn), andtheJa-
cobian

�

�

� Qn� 1 � p
� is givenby

�
�

� Qn� 1 � p
�

�

� n� 1
� 1

�

y �

qDt
I

�

�

¶
¶Q

Rn� 1 � p
� Q�

�

�

� n� 1
� 1

�

y �

qDt
I

�

� n� 1¶ �W
¶Q �

å
f � f aces

� n� 1
f

¶F̂ � Ql � f � Qr � f �

¶Q �

I � å
f � f aces

� n� 1
f � ũW� f � ñf �

�




(79)

Eq. (78) is solvedusinga Gauss-Seideliterationmethod.2

Theturbulentequationsaredecoupledfrom themean�o w
solver, and communicationof variablesbetweenturbu-
lent and mean�o w is establishedat the sametime step.
Comparedwith thecoupledversion(whichwaspreviously
developed),thedecoupledsolverhasactuallyimprovednu-
mericalstability, sincethe couplingtermsin the Jacobian
matricesaremorelikely to yield ill-conditionedlinearsys-
tems.

LocalTime-SteppingScheme

For solution of steadystate problems, a local time-
steppingschemeis used. A local time stepfor any given
cell is chosensuchthat it is the smallestof the following
threevalues: 1) a user-speci�ed maximumvalue, 2) the
valuecomputedfrom a user-speci�ed CFL condition,and
3) the time steprequiredto produceno more thanan es-
timatedmrelax percentchangein temperature,pressure,or
density.

Of theabovethreecontrolvariables,densityis explicitly
presentin the vectorof conservedvariables,andpressure
canbeeasilyfoundfrom thesamevector, plustheequation
of state,Eq. (4), oncethe temperatureis known. Conse-
quently, a changein temperatureduringa giveninterval of
time hasto be estimated:a way to accomplishthis is to
solve an explicit time-integrationstepto describea func-
tional relationshipbetweentime andtemperature.Specif-
ically, an estimatefor the value of Q after Dt time has
elapsedis found by meansof an explicit time integration
step,asfollows:

Qn� 1
estimated �

Q � Dt �

�

Qn
�

DtRn
� Qn

�


 (80)

Then,temperatureis foundfrom Q usingNewton'smethod
to solveEqs.(5), (6), and(7) for T. Thechangein temper-
aturefor a giventimestepcanbeestimatedby

DTest �

T � Qn� 1
estimated �

�

T � Qn
�


 (81)

If this estimateexceedsthe maximumprescribedchange,
i.e.

�

DTest
�

� mrelaxT � Qn
� , thenthenew time stepis deter-

minedby solving

T � Q � Dt � �

�

T � Qn
�

�

1
�

sign� DTest � mrelax�

�

0 � (82)

using Ridders' algorithm36 to solve for Dt. Thus, the
computationof the local time steprequirestwo levels of
iterative root solvers: Ridders' at the highestlevel, and
Newton iterationsto solve for temperatures.While this
canbe rathercostly, it is only appliedin regionsthat are
changingtoo fastfor thelinearizationto beappropriate.In
thesecases,it hasbeenfound that �nding a suitabletime
stepis well worth the extra computationaleffort, because
it increasessigni�cantly therobustnessof theoverallalgo-
rithm.

JacobianFormulations

The Jacobianmatrix usedin the Newton method,de-
scribedby Eq. (79), consistsof a block-diagonalmatrix,
formed from Jacobiansof chemistrysourceterms,com-
binedwith bothdiagonalandoff-diagonalmatrices,formed
from thedifferentiationof �ux functions.Whenconstruct-
ing this Jacobian,onetakesadvantageof the fact that the
�ux function, F̂ � Ql � Qr � , is de�ned by the conservative
variableson theleft andright sideof theface.ThentheJa-
cobianof this functionwill consistof two matrices,given
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by

f jl
�

� n� 1¶F̂ � Ql � Qr �

¶Ql
�

f jr
�

� n� 1¶F̂ � Ql � Qr �

¶Qr



(83)

The variablesabove, fjl and fjr , areJacobiansof the
�ux functionslocatedat facesandarecomponentsof the
overall Jacobianmatrix givenin Eq. (79). More detailson
the�nal form of theJacobianmatrixaregivenby Luke.2

InviscidFlux Jacobians

In thestudy, all Jacobiansareevaluatedanalytically, ex-
cept for the inviscid �ux, wherebyJacobiansassociated
with the Roe schemeare too complex to implementef�-
ciently. In this case,several alternativesareavailable: 1)
useanalytic Jacobiansof simpler inviscid �ux functions
suchas Steger-Warming or Van Leer, or 2) computeJa-
cobiansof the Roe �ux numerically. The analytic Van
LeerJacobianwasfoundto providesuperiorstabilityprop-
erties,but severely hamperedconvergenceof the implicit
scheme.On the otherhand,the numericalRoeJacobians
providedbetterconvergencerates,but sometimesproduced
ill-conditionedlinear systems.It wasobserved that these
problemsoccurredin regionswherediscontinuitiesexisted
in the Roe Jacobians,due to the useof non-linearabso-
lutevaluefunctions.A compromisethatappearsto provide
a reasonablebalancebetweenconvergenceandrobustness
hasbeenfoundby smoothingtheRoe�ux functionbefore
taking its derivative. This is accomplishedby replacing
the absolutevalue function

�

x
�

with the continuousfunc-
tion

�

x2
�

e, wheree is setto 
 05 timestheaveragesound
speed.

ViscousFlux Jacobians

In theconstructionof viscous�ux Jacobians,athin-layer
approximationis usedin therepresentationof thefacegra-
dientby usingsimplecentereddifferencesin thedirection
of thevectorconnectingcell centroidsoneithersideof the
face.

Jacobiansfor TurbulenceModels

In orderto preserve thediagonaldominanceof thema-
trix in the linearsystem,positive partsof thesourceterms
are not linearized: only the negative parts(which model
thedestructionof turbulence)areincludedin theJacobians.
For theJacobiansusedin theBSL, SST, andk

�

w models
theapproachof Merci et al.37 is adopted.

Resultsfor SelectedProblems
In thefollowing,a few selectedtestcasesareintroduced

in order to documentthe capabilitiesof the CHEM code.
More extensive testsandvalidationshave beenconducted
overthelastseveralyears,andsomesigni�cant resultshave
alreadybeenreportedin theliterature.2,38–43
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Fig. 1 Comparison of numerical turb ulent velocity pro®le
with theoretical data on a ¯at plate

Turbulent Flow over a Flat Plate

Air �o w over a �at plateis chosenasa preliminarytest
casetovalidatetheturbulencemodelimplementations.The
physicaldimensionof thecomputationaldomainis 1m by
0.5mby 0.005min thestreamwisedirection(x), verticaldi-
rection(y), andtransversedirection(z), respectively. The
grid contains128cells in x, 80 cells in y and1 cell in z. In
orderto resolve thethin boundarylayerneartheplate,ex-
ponentiallydistributedgrid pointsresultingin a �ner mesh
near the plate are applied in the vertical direction, with
the �rst grid point above theplatebeingat thedistanceof
4 
 7 � 10

�

6m. ThefreestreamMachnumberin this simu-
lation is takento be0 
 3. Theoretically, a turbulentvelocity
pro�le will consistof a linearviscoussublayerregionclose
to the wall, transitioningthrougha buffer region to log-
arithmic behavior in the outer region. Fig. 1 shows the
computationalresultsfrom threeturbulencemodelsover-
layedonthetwo theoreticalcurvesfor theviscoussublayer
andthelogarithmiclayerwheretheaxisof this plot arethe
nondimensionaldistancey� and the nondimensionalve-
locity u�

�

u
�

ut . The �gure shows the goodagreement
of computationalresultsobtainedfrom Baldwin-Lomax,
Spalart-Allmaras,andSSTmodelswith theoreticalpredic-
tions.

Transonic Flow over the ONERA M6 Wing

Thesimulationof transonicviscous�o w is benchmarked
usingtheclassicONERAM644 3D testcase.A generalized
grid is usedto discretizethespacearoundthewing, gener-
atedwith a topologicallyadaptive meshgenerationalgo-
rithm.45,46 In this technique,anunstructuredsurfacemesh
is advancedto createlayersof cells. Edgesareinsertedor
deletedto maintaina high quality mesh(for example,in-
sertingnew edgesin convex regionsto preventthesurface
meshfrom becomingtoo anisotropic). The insertionand
deletionof edgesyields generalpolyhedralelementsand
thusrequiresa generalizedsolver, suchasthepresentone.

For this benchmark,one measuredcaseof transonic
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�o w is employed, wherethe freestreamMach numberis
given by M¥ �

0 
 8395at an angle-of-attackof a
�

3 
 06.
This caseis viscouswith a Reynolds numberof Re

�

11
 72 � 106 basedon a meanchordlengthof 0 
 64607me-
ters.A freestreamtemperatureof T¥ �

256K andpressure
p¥ �

80� 795Pa wereusedto achieve theseconditions.A
grid convergencestudywasperformedby solvingthiscase
on threemeshes. The coarsestgrid was generatedfrom
14K surfacetrianglesto createa volumegrid consistingof
1.1M cells. The�nest grid wasgeneratedfrom a 32K sur-
facetrianglesto createa volumegrid consistingof 2.3M
cells. The averagey� for thesegrids wasapproximately
0 
 5. The SST turbulencemodel was employed, and the
Sutherlandformulawasusedfor molecularviscosity(note
that theSpalart-Allmarasmodelfor the �ne grid wasalso
run, with resultsnearlyidentical to thosepresentedhere).
Thesolutionwasrunwith amaximumCFL setto 30� 000,a
maximumtime stepsetto 10

�

4 seconds,andmrelax �

0 
 1.
The solver was run to engineeringconvergencein 2 � 500
timesteps.

Sincethereis someunsteadinessin theproblem,it is not
possibleto drive the residualsto machinezero. Instead,
thebehavior of integratedpropertieswasusedto determine
when the solution had converged(for example, the total
integratedmomentumis illustratedin Fig. 2, andthe inte-
gratedlift force is shown in Fig. 3). After 2,500iterations
eachof thesemeasures(andothers)wereunchangedto at
leastthreesigni�cant �gures. In addition,the�ne grid so-
lution was run for an additional2,500 iterationswith no
noticeablechangesin theCp curves,giving further con�-
dencein theconvergenceof theresults.

Theresultsarecomparedto experimentalpressuremea-
surementstaken at seven spanstations,as illustrated in
Figs. 4 to 10. The �rst, 20% down the length of the
wing, shows relatively goodagreement,with a slight lag
in the predictionof the shockon the uppersurface. It is
suspectedthat this differencemay be due to the slightly
coarsermeshin this region, andmay alsobe attributedto
an inappropriateapplicationof a re�ecting wall boundary
conditionwherewind tunnelinterferencemayplay a role.
Nonetheless,grid insensitivity is demonstrated,with the
solutionson all gridsnearlyidentical. Thestationsshown
in Figs.5 to 9 show excellentagreementbetweenall three
gridsandexperimentalresults,includingcapturingthede-
tailsof theshockintersection,ascanbeseenin theCp plots
for y

�

b
�

0 
 80 andy
�

b
�

0 
 90. The last stationshown in
Fig. 10 shows goodagreementat the leadingedgewith a
divergencein simulatedpressuresat theuppertrailing sec-
tion. However, this differenceis similar to other results
foundin theliteraturefor this case.34,47

In addition,it shouldbe notedthat this testcaseshows
theeffectivenessof thegeneralizedgrid strategy. Eventhe
coarsegrid for this caseresolved mostof the shockloca-
tions reasonablywell with a grid cell counton the order
of 1M cells. Publishedresultsfrom the Cobalt60 code34

for unstructuredgrid solutionson this casedid not capture
the featuresas well as the presentresults,in spiteof us-
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Fig. 3 Lift Forcev.s.Time step

ing a 3M-cell unstructuredmeshand similar algorithms.
While not conclusive, indicationsarethat the generalized
grid usedherewasmoreeffective at capturing�o w details
with lessoverall cost.

Hydr ogen-OxygenCombustion in an Experimental RBCC
Engine

It is known that a propulsionsystemusingram-jetand
scram-jetcyclesmusthave anothermeansof acceleration
from restto low supersonicspeeds,atwhichpoint theram-
jet cycle cangeneratesuf�cient thrustfor further acceler-
ation. Rocket-basedcombined-cycle (RBCC – i.e. single
duct air augmentedram-jet/dualmodescram-jet)propul-
sion systemsuse rocket motors to accomplishthis, and
arecharacterizedby a high degreeof integrationbetween
rocket and ram-jet. The RBCC engineoffers higher en-
gine thrust-to-weightratios than competingair-breathing
engines,while maintaininganIsp advantageoverrocketen-
gines.As a result,therehasbeenrecentinterestin RBCC
enginesfor futurespacetransportvehicles.In this section,
theapplicationof theCHEM codein simulatinganexper-
imentalRBCC engineis detailed;it shouldbe notedthat
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Fig. 4 ONERA-M6 Wing, Cp at y/b=0.20
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Fig. 5 ONERA-M6 Wing, Cp at y/b=0.44
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Fig. 6 ONERA-M6 Wing, Cp at y/b=0.65
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Fig. 7 ONERA-M6 Wing, Cp at y/b=0.80
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Fig. 8 ONERA-M6 Wing, Cp at y/b=0.90
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Fig. 9 ONERA-M6 Wing, Cp at y/b=0.95
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Rocket Ejector Converging
Nozzle

Fig. 11 Schematicof PSU-RBCCExperiment

this geometrywasspeci�cally designedto validateRBCC
simulationcodes.Only onecaseis includedhereasanex-
ampleof thecapabilitiesof thealgorithm.

TheexperimentwasperformedatthePennsylvaniaState
University(PSU)PropulsionEngineeringResearchCenter,
andCase4 of the Direct Connectionstudiesis described
here.48 The PSU-RBCC500DC series(Direct Connec-
tions) featurea closedfront end and with transverseair
inlets,asillustratedin theschematicshown in Fig. 11. An
ejectorrocket is placedfurther down the rectangularduct
just beforea diffuser section. At this point gaseoushy-
drogenis transverselyinjectedinto the duct. Combustion
occursdownstreamof the injection. Finally, a converging
nozzleacceleratesthe �o w at theexit. Thecomputational
domainbegins at the left endof the air inlet (-0.508m),
andendsbeyond the exit of the nozzle(2.3622m). The
total lengthof thecomputationaldomainis 2.8702m (113
inches).TheRBCCengineinlet planeis locatedat x

�

0,
wherethe thrusternozzleexhaustplumeandram-jet inlet
air �o w into theduct.

An unstructuredgrid for a quarter symmetry of this
RBCC duct was generatedusing SolidMesh,by way of
theaflr3 49 grid generationsoftware,with prismaticele-
mentsin viscousboundarylayersnearwallsandtetrahedral
isotropic elementsin the interior volume. The �nal grid
usedin the simulationspresentedhereconsistof 3.4 mil-
lion elements,with packingnearthe rocket ejectorplume
andtransversehydrogeninjectionregions.

For Case4 of theDirectConnectionstudya 0 
 9145kg
�

s
mass�o w of air injection is measured.Theejectorrocket
wasprovidedwith 0 
 034473kg

�

s of GH2 and0 
 2758kg
�

s
of GO2.Thedownstreamhydrogeninjectionaccountedfor

Fig. 12 ForcedAir Inlet Streamlinessuperimposedwith tem-
peratures

0 
 02676kg
�

sof mass�o w.
The computationalsimulationwas performedin a to-

tal of 5,000iterationswith mass,momentum,andenergy
residualsreducedbyatleastthreeordersof magnitude.The
�rst 1,000iterationswereperformedwithout thetransverse
hydrogeninjection,thenthetransversehydrogeninjection
wasactivatedfor the�nal 4,000iterations.Thesimulation
wasrun with a maximumCFL setto 1 � 106, with a max-
imum time stepsetto 5 � 10

�

5 secondsbeforetransverse
hydrogeninjectionand1 � 10

�

5 afterhydrogeninjection.
A settingof mrelax �

0 
 02 wasusedto maintainstability.
A y� of aboutunity wasmaintainedthroughmostof the
duct. Hydrogen-oxygencombustionwasmodeledusinga
7-species,32-reactionmechanismfrom EvansandSchex-
nayder.50 Thermodynamicpropertieswere derived from
vibrationalequilibrium, andtransportpropertieswereob-
tainedfrom CHEMKIN. The SST turbulencemodel was
employed. A turbulentPrandtlnumberof 0 
 9 anda turbu-
lent Schmidtnumberof 0 
 7 wereusedto modelturbulent
transporteffects. No correctionsfor turbulent chemistry
sourcetermswereincludedin themodel.

Fig. 12 shows thestreamlinesfor theforcedair inlet re-
gion of theRBCC duct. In this �gure, thestreamlinesare
coloredby �uid temperatures.As it canbe seen,a com-
plex �o w patternis capturedinvolving intersectingjets of
air. Recirculationandentrainmentis alsoclearlyseenatthe
thrusterexit. The downstreamhydrogeninjection is illus-
tratedin Fig. 13. Here,theair-inlet streamlinesarethick,
while the thrusterstreamlinesarethin. Thesestreamlines
andthewallsarecoloredby �uid temperatures.Thehydro-
geninjectionstreamlinesarecoloredwhite to illustratethe
entrainmentof the hydrogenjet with the �o w. The sym-
metryplaneshave contoursof H2 massfractions,with the
maximumvalue(in red)being17%andlow valueof 0%(in
blue).Fromthestreamlinesit is evidentthatthemajorityof
theinjectedair travelsthroughthecenterof theRBCCduct
atthepointof transversehydrogeninjection.Thisis further
con�rmed by the relatively largemassfractionsof H2 ob-
servedatthesymmetryplane,whereit is suspectedthatthis
fuel rich conditionis likely dueto aninsuf�cient air mass-
�o w ratein thatregion. In general,these�gures illustratea
highly complex �o w �eld with stronglynon-linearandstiff
sourceterms. It shouldbe stressedthat theseresultswere
obtainedwith relatively largetimestepsandfew iterations.

Experimentalmeasurementsof this con�guration con-
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Fig. 13 H2 Injection in RBCC Afterb urner section

sistedof pressuremeasurementsrecordedalong the side
and top walls of the RBCC duct, while temperatureand
speciesmeasurementswereperformedusinga window at
x

�

0 
 5969musingRamanimaging.For each�ring of the
rocket, staticpressureis recordedalongtheair ductwalls.
Sixteenchannelsarelocatedon boththetop andsidewall
of theduct. The comparisonof measuredto experimental
pressuresareshown in Fig. 14. The predictedwall pres-
suresarewithin 2% of theexperimentalresults.

Fig.15showstemperaturecomparisonswith experimen-
tal measurementsby PSUatx

�

0 
 5969m.Nearthecenter-
line (y

�

0) thepredictedtemperatureis about200Khigher
than the measuredone, at y

�

0 
 03m, the measuredand
computedpro�les arebetter, but still appearto overestimate
temperature.However, theseresultsappearto be within
therangeof variationobservedin theexperimentalresults.
The exact causefor the higher predictedtemperaturesis
unknown, but may be dueto the lack of including turbu-
lenceeffectsin the chemistrysourceterms. In effect, the
modelis probablypredictingfastercombustionthanwhat
is physically meaningful. Fig. 16 shows comparisonsof
speciesmassfractiondistributionswith measurementsat x
= 0.5969m. Thepredictedmassconcentrationsagreewell
with themeasuredones.

Overall this simulation provides very encouragingre-
sults, particularly when one considersthe considerable
complexity anduncertaintyinvolvedin properlymodeling
thephysicsof this problem. More work needsto be done
to understandsensitivity of theseresultsto combustionand
turbulent chemistrymodels. This caseis part of a more
intensive study that will seekto answerthosequestions.
However, theseresultsare presentedhereto demonstrate
the effectivenessand robustnessof CHEM when solving
highly complex andstiff numericalequations.In this re-
gard,thesolver performedextremelywell, allowing simu-
lationsusingrelatively largetime steps,particularlywhen
consideringthe diversetime andspacescalesinvolved in
thiscase.
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Conclusions
A generalsoftwaresystemthatsupportsthedevelopment

of �e xible multidisciplinarysimulationmodelswasintro-
duced.Thework describedin this paperis onecasestudy
in the effectivenessof this systemin the developmentof
practicalnumericalmodelsfor complex engineeringprob-
lems.In particular, thedevelopmentof adetailedmodelfor
chemicallyreacting�o w�elds using a generalized�nite-
volumediscretizationwasdetailed.New methodsfor im-
proving the robustnessof such solvers have beenmen-
tioned:in particular, thelocal timesteppingschemeandJa-
cobiansmoothingtechniqueshavebeenfoundto bepartic-
ularly effective in thesolutionof thehighly stiff equations
that arisefrom computationalcombustionproblems. The
effectivenessof thesestrategies hasbeenshown on both
non-reactingand reactingbenchmarkproblems. Speci�-
cally, large time-stepandCFL conditionshave beenused
in thesolutionof complex �o w �elds involving hydrogen-

16 OF 18



0 0.01 0.02 0.03 0.04 0.05
Y Distance From Centerline (m)

0

0.2

0.4

0.6

0.8

1
M

ol
e 

F
ra

ct
io

n

Species's Mass Fraction Profile: Case 4
at x = 0.5969 m from rocket nozzle

exp. yN2

exp. yH2

exp. yH2O

exp. yO2

comp. yN2

comp. yH2

comp. yH2O

comp. yO2

Fig. 16 Speciesmassfractions, experiment and simulation
comparison

oxygencombustion,allowing for engineeringaccuracy to
beachievedexpeditiously.
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